The role of the radiation reaction force in ultraintense laser-driven ion acceleration is investigated. For laser intensities ∼10 23 W/cm 2 , the action of this force on electrons is demonstrated in relativistic particle-in-cell simulations to significantly enhance the energy transfer to ions in relativistically transparent targets, but strongly reduce the ion energy in dense plasma targets. An expression is derived for the revised piston velocity, and hence ion energy, taking account of energy loses to synchrotron radiation generated by electrons accelerated in the laser field. Ion mass is demonstrated to be important by comparing results obtained with proton and deuteron plasma. The results can be verified in experiments with cryogenic hydrogen and deuterium targets.
I. INTRODUCTION
Peak laser pulse intensities of ∼10 21 W/cm 2 are presently achievable at petawatt-scale laser facilities and the next generation of multipetawatt lasers under construction aims to push the intensity frontier beyond 10 23 W/cm 2 . Among many research topics to be explored using these sources, the acceleration of ions to high energies suitable for applications in cancer therapy, radiography, and fast ignition [1] isofhighpriority .Atthese ultrahigh intensities the radiation pressure acceleration (RPA) mechanism should enable efficient acceleration of ions to hundreds-of-MeV energies, in a peaked-energy spectrum and a narrow divergence beam [2] [3] [4] [5] . However, recent theoretical and numerical studies also show that the radiation reaction (RR) force acting on energetic electrons in the high laser fields produced at these intensities will strongly impact on the electron dynamics [6] [7] [8] [9] [10] and thus ion acceleration due to modification of the induced charge-separation fields.
The effects of RR on ion acceleration are explored in several numerical studies. Chen et al. [9] predicts an ion energy enhancement with thin targets due to modification of the electron phase space, by modeling the interaction of a trapezoidal-temporal-profile laser pulse. This effect is expected to be less important in the case of a Gaussian pulse, which is typically achieved experimentally. Naumova et al. [11] show that radiation losses curb the electron backward motion, which reinforces the electron bunch structuring at the front of the laser field, thus affecting the hole-boring mode [4] of RPA. The use of linearly polarized laser light is also reported to enhance the RR energy losses compared to circular polarization in the case of a thin, dense foil, by Tamburini et al. [8] . The modifications to ion acceleration suggested by these first studies highlights the need for a detailed investigation into the role of RR effects on the physics of ion acceleration. To date, the significant percentage of the laser energy converted into high energy synchrotron radiation at laser intensities ∼10 23 W/cm 2 is not accounted for in calculations of the piston velocity used to predict RPA-ion energies.
In this article, we report on the role of RR in ion acceleration in the relativistic self-induced transparency regime and in the transition to the hole-boring RPA regime. Using particle * remi.capdessus@strath.ac.uk † paul.mckenna@strath.ac.uk in-cell (PIC) simulations, we demonstrate that the ion energy is enhanced in the case of relativistically transparent targets, but that the piston velocity and subsequently ion energies are reduced for thicker, opaque targets. We also derive a first (to our knowledge) analytical model to account for the effect of the energy radiated on the piston velocity and this is shown to be in good agreement with the simulation results. The importance of collective effects on RR and ion acceleration is also demonstrated, by comparing results for deuteron and proton plasma.
II. UNDERPINNING THEORY

A. Electron motion equations
The RR force is described using the model developed by Sokolov, where the RR force has been derived from QED principles and can be extended to QED regimes [12] [13] [14] , contrary to the Landau-Lifshitz (LL) equation [15] . It is close to the LL equation for classical regimes, i.e., χ e 1, where the parameter,
defines the ratio between the laser electric field and the Schwinger field, E sh = m e c 2 /eλ c (where λ c = h/m e c is the Compton wavelength), in the electron frame of reference. Here, F Le =−e (E + v e × B) is the Lorentz force and τ r = e 2 /6πǫ 0 m e c 3 ≃ 6.2 × 10 −24 s is the characteristic radiation time, where e and m e are the electron charge and mass, respectively, c is the velocity of light, ω L is the laser frequency, and γ e is the electron Lorentz factor. The Sokolov equations are easier to implement in a PIC code than the LL equation and conserve the four-momentum. The electron motion equations are dp e dt = F Le + cδβ e × B − γ 2 e (F Le .δβ e ) β e ,
dx e dt = cβ e + cδβ e ,
where
is the radiation correction to the electron velocity typical of the Sokolov model. The influence of this perturbative velocity is negligible on ion acceleration for χ e 1 [10] .
B. The synchrotron radiation
The energetic synchrotron radiation produced in the interaction of an ultraintense laser pulse with a plasma is directly related to the RR force as follows: 
where S(r) describes the normalized spectral shape, and ω cr = 3/2γ 3 e p e × F Le /p 2 e is the critical frequency [15] . Here, ψ is the angle between the laser electric field and the electron velocity. Originally the synchrotron radiation corresponds to the emission generated by an electron in a homogeneous magnetic field. Here, this notion is applied in a more general sense to the emission generated by a relativistic electron in the combined laser and self-consistent plasma electromagnetic fields. The total power radiated by the electrons from a unit volume of plasma can be written as
dωd dp e ,
where f e is the electron momentum distribution with f e dp e = n e . In the case of a Maxwellian-Juttner distribution with a L ≫ 1 and assuming that T e ∼ a L m e c 2 [16] , Eq. (6) reduces to [17, 18] 
where ∞ 0 g(t)dt ≡ τ L is the laser-pulse duration and α ≡ E s /E L is the ratio of the electrostatic field to the laser field.
III. NUMERICAL APPROACH
A. Accounting for the radiation
The PICLS 1D PIC code [19] , which has recently been upgraded to include the RR force and the synchrotron radiation [10, 20] , is used. Although laser energy coupling to ions is typically overestimated in 1D PIC simulations (due to the fact that transverse effects are not accounted for), this is not an issue in determining whether the RR force increases or decreases the ion energy. The fundamental RR physics is independent of the dimension of the simulations, although the overall magnitude of the effects of the RR force on ion acceleration may be reduced in simulations at higher dimensions. Importantly, the use of 1D simulations enables the fundamental physics of RR to be explored in plasma free from transverse effects such as instabilities, thereby decoupling the RR physics from such effects.
We use a fourth-order interpolation for the numerical solver presented in Ref. [19] , to apply fields and to deposit currents. The time step t is linked to the mesh size x by a simple relation: x = c t, where c is the light velocity. The numerical implementation of radiation losses has been discussed in Refs. [8] and [10] . The radiation is computed from the macroparticle trajectories assuming the emission to be incoherent due to the fact the average wavelength λ γ of the intense radiation is much smaller than the characteristic distance between electrons, d:
In the frame of the synchrotron radiation, the electron trajectory at each time step can be approximated by an arc [15] , ensuring that the angular variation of the electron momentum is less than 1/γ e at the computational time step t. Considering the instantaneous electron rotation frequency [15] ,
ω L , this imposes the following condition [17] :
We consider a grid of 1000 cells in the photon energy over the range 10 o . The polar axis is defined along the laser propagation direction. These numerical parameters enable a compromise between good precision, minimum noise, and reasonable calculation time.
The validity of our classical approach has been confirmed in Ref. [17] , where it is shown that the number of quantum electrons (χ e 0.2) represents a small part (few percent) of the electron population and do not significantly affect the electron dynamics and the synchrotron radiation emission. This is in agreement with the discussion of this issue in Refs. [21, 22] . This implies that we can reasonably assume that the plasma is transparent to the intense synchrotron radiation generated by the ultrarelativistic electrons, due to the fact the absorption rate of such radiation depends on the parameter χ e .T h e absorption rate of this intense radiation becomes nonnegligible for electrons with χ e 1 [23] [24] [25] (which is not the case in the present study).
B. Simulation parameters
To investigate the role of RR in ion acceleration, we consider a circularly polarized laser pulse with the dimensionless amplitude vector potential,
, normally incident on a plasma layer, the thickness, l, of which is varied in the range 0.1λ L to 100λ L . Time is considered in units of the laser period T L = 2π/ω L and length in units of laser wavelength λ L = cT L . As the laser pulse profile is important to the evolving plasma dynamics, a realistic Gaussian laser pulse is considered, with a full width at half maximum (FWHM) duration equal to 13T L (full width ∼30T L = 2T rise ). The target is a deuteron plasma with initial density equal to 10n c , where n c = m e ǫ 0 ω 2 L /e 2 is the critical density. In this density regime there is strong conversion of the laser energy into intense radiation, as shown in Ref. [20] , which means that the RR force strongly effects the plasma dynamics. In accordance with condition Eq. 5 × 10 9 J/cm 2 and peak intensity equal to 1.1 × 10 23 W/cm 2 (which avoids significant QED effects [21, 22] ). The energetics of the laser-plasma interaction are defined by the parameters
where E L is the laser pulse energy and the subscript k denotes photons (γ ), electrons (e), or ions (i), i.e., E γ is the energy fluence of the photons radiated, and E e and E i are the electron and ion areal energies, respectively, all at time t.
IV. ION ACCELERATION
Figure 1(a) shows simulation results for the laser energy transfer to ions as a function of target thickness. Inclusion of the RR force is found to enhance the ion acceleration for target thickness l up to 5λ L , with the largest enhancement at l = 0.8λ L , for which the energy transfer to ions is almost four times higher than in the corresponding case without RR. To explore the underlying physics we consider three target thickness cases for which the ratio of the electrostatic pressure, P s = 1 2ǫ 0 (en e l) 2 , to the laser radiation pressure, P r = 2RI L /c = 2Rn c m e c 2 a 2 L (R being the reflection coefficient of the laser pulse), are significantly different, and for which the effects of RR on ion acceleration are different. These are: (1) l = 0.8λ L ,f o rw h i c hP s <P r ;( 2 )l = 100λ L ,f o rw h i c h P s >P r ; and (3), an intermediate case, l = 5λ L ,f o rw h i c h P s ∼ P r . These cases correspond to three different regimes of ion acceleration, as discussed below. For each case, the efficiency of laser energy transfer to electrons and synchrotron radiation as a function of time are presented in Fig. 2 , and the electron and ion phase space and spectra (in both the forward and backward directions) at several moments in time are presented in Figs. 3 and 4 , respectively. Note that for the case of the thick target when the RR force is not included [black dashed line in Fig. 2(f) ] η γ > 100%; i.e., energy is not conserved. This emphasizes the need to account for the RR force in the electron equations of motion.
A. The relativistic self-induced transparency regime
The l = 0.8λ L target is relativistically transparent to the laser pulse due to the low electrostatic pressure. For 0.8 t/T L 30 the whole target thickness is included within the laser pulse "length," and hence laser energy is efficiently coupled to electrons, as shown in Fig. 2(a) .T h el a s e r ponderomotively drives electrons forward with longitudinal momentum p ∼ a L , as shown in Fig. 3(a) , and these electrons are weakly affected by the RR because they propagate in the same direction as the laser. By contrast, electrons expanding in the backward direction (i.e., counterpropagating with the laser pulse) experience a laser field of amplitude ≃ 2γ e E L in their reference frame, due to the relativistic Doppler effect. These electrons lose a significant portion of their energy to synchrotron radiation and as a result are efficiently reflected forward by the laser field [7] and trapped by the electrostatic sheath field at the boundary of the expanding target, as shown in Fig. 5(b) . A compression of the electron phase-space results [26] , leading to a reduced electron temperature T e and electron energy spread, as shown in Fig. 3(d) .AsFig.5(a) illustrates, this cooling down tends to increase the electron density at the rear of the target, enhancing the gradient of the electrostatic field. The maximum ion density is increased by 50% due to the RR. Moreover, during this stage the ions at the target front surface (x<0) are accelerated by a positive electrostatic field, forward with respect to the laser field direction, as shown in Fig. 5(a) . This is due entirely to the RR effect. This also maintains the ion density at a value higher than n c for longer, as seen by comparing Figs. 5(c) and 5(f). In other words, the dynamics of the front surface target is no longer governed by the ion velocity c s =
. All of these aspects contribute to enhancing the ion acceleration in the forward direction.
After this initial stage, when the laser pulse has passed (i.e., at t>30T L ), the expansion velocity of the target front surface increases because electrons escaping the target (with p 0) are no longer interacting with the laser field and thus losing energy to synchrotron radiation. This behavior is observed when comparing the electron density evolution with [ Fig. 5(b) ] and without [ Fig. 5(e) ] RR inclusion.
As the target expansion depends on the ion sound velocity c s and thus the electron temperature T e , the target expansion remains slower even after that laser pulse has passed, compared to the case without RR, as observed in Fig. 5 . The total radiated energy fluence is close to 1% of the laser fluence, as shown in Fig. 2(d) . The maximum ion energy and flux at high energies are significantly enhanced by the RR force acting on the electrons, and a spectral peak begins to emerge at the maximum energy, as shown in Fig. 4(d) .
B. The hole-boring regime
For a much thicker l = 100λ L target (P s >P r ), the electrostatic field produced as electrons are driven forward by the ponderomotive force (during hole-boring) can attain the same magnitude as the laser field [20] , giving rise to electron backward motion, and thus to intense synchrotron radiation [27] . Electron cooling due to RR thus plays an important role in defining the electron dynamics, as shown in Fig. 3(c) . The electrostatic field propagates with piston velocity cβ p , leading to the forward acceleration of ions, as observed in Fig. 4(c) -this corresponds to ion acceleration in the "piston" or "hole-boring-RPA" regime [4, 28] . As little as 4% of the laser energy is converted into the final electron kinetic energy [see Fig. 2(c) ]. To first order, the electron energy has no effect on the piston velocity and can be neglected. However, more than 30% of the laser energy is converted into high energy synchrotron radiation [see Fig. 2(f) ], which has a significant effect on the piston velocity. Below, we derive an analytical expression to quantify this. By following the same procedure as that in references [4, 28, 29] the energy flux conservation is written as
where M = Zm e + m i and
is the relativistic factor of the ions reflected by the piston. The first term on the right-hand side of Eq. (10)isthe radiated power [Eq. (7)]. The second term on the right-hand side of Eq. (10) expresses the bulk electrons (included in factor M) and ions reflected from the piston. In a similar way, the flux conservation can be expressed as
where P γ = E γ cos θ is the pressure of the synchrotron radiation. By expressing laser intensity as I L = n c m e c 3 a 2 L and introducing the dimensionless shock velocity scale [29] ,
Eqs. (10) and (11) reduce to
is the fraction of laser energy converted into synchrotron radiation. Equation (15) is derived from Eq. (7) in Ref. [17] . We put
The average angle of emission of the synchrotron radiation, θ , can be defined as cos θ ≡cos ( ,k) = R 3 f e p e,x dp e R 3 f e p e dp e .
In order to take into account energy conservation, and thus the saturation of the radiated energy above I L ≃ 5 × 10 23 W/cm 2 observed in simulations (see Ref.
[20]), we add to E γ a saturation coefficient evolving as
The value of parameter A in Eq. (18) is determined from a fit to the simulation data (A ≃ 300) and not from an analytical model. An investigation of the phenomenon of saturation of the synchrotron radiation is beyond the scope of this article and will be the subject of a separate study. By subtracting Eq. (14)f r o mE q . ( 13), an expression for the reflection coefficient R is obtained:
It is difficult to formally evaluate the average angle θ due to the complexity of the radiation distribution which strongly depends on the electron dynamics and on the charge separation field, which is a function of ion mass [20] . However, the average angle θ can be estimated from the angular distribution of the synchrotron radiation resulting from the numerical simulations. In the case of a deuteron plasma, the emitted radiation is mainly distributed between the backward (θ ≃ 180 o ) and forward (θ ≃{0 o ,360 o }) directions, as shown in Fig. 6 . Therefore, the average angle θ is close to 90 o , which implies that cos θ ≪1. Thus, from Eq. (16), the synchrotron radiation pressure does not have a strong impact on the reflection coefficient and can be neglected to first approximation. By contrast, in the case of a proton plasma the radiation is mainly produced by electrons that propagate forward and radiate in the laser pulse leading to cos θ ∼1. As a consequence, the RR force has a very small effect on the reflection coefficient R and thus on the piston velocity. Compared to deuterons, the RR force therefore has less effect on the proton energy spectra, as shown in Fig. 4(f) .
For simplicity we shall consider the case cos θ =0 and use the expression of the reflection coefficient R in order to deduce an expression for the RR effect on the piston velocity. We note that R depends on the emitted radiation energy, meaning that the laser energy contributing to the piston drive is reduced. By substituting Eq. (19) into Eq. (14), it can be shown that the expression for the piston velocity β p for θ ≃90 o (deuteron plasma):
F( E γ ,B) is a decreasing function over B and E γ . When the radiation reaction is negligible, F( E γ ,B) tends to 1 and the standard expression for the piston velocity, β P = B/(1 + B), as used in Refs. [28] and [4] , is obtained. The formula relating piston velocity to reflection coefficient [Eq. (19) ] is valid in 1D only. Noncollinear motion breaks the correlation between energy conservation [Eq. (14)] and momentum conservation [Eq. (13)]. Accounting for the emission of high energy synchrotron radiation in the energy conservation results in a reduction to the piston velocity, which is brought out by the function F( E γ ,B). Dividing Eq. (13) by (1 − β p ) results in an equation governing the partition of the total absorbed laser energy between photons (η γ ) and ions (η i ): Figure 7 shows the energy of the reflected ions,
, as a function of laser intensity, as calculated using the expression for β p given in Eq. (20) . The model results are in good agreement with the ion energy spectrum shown in Fig. 4(f) , as obtained from the simulations for I L = 1.1 × 10 23 W/cm 2 . With increasing intensity a larger fraction of the laser energy is converted to high energy synchrotron radiation, leading to a larger reduction in the maximum ion energy. This tendency is confirmed in both the model calculations and simulation results.
C. The light-sail regime
Given that the RR force enhances ion acceleration in thin, relativistically transparent targets and has the opposite effect for thick targets for which hole-boring-RPA dominates, we now consider an intermediate case, l = 5λ L , where P s has approximately the same magnitude as P r . It is for this condition that the highest energy ions are achieved, as shown in Fig. 4(e) . This arises from the fact that the laser ponderomotive force pushes almost all of the target electrons in the forward direction.
This case is close to the laser piston regime described in Ref. [2] , where the ions can reach relativistic energies if the condition E ≃ 2πen e l<E L is fulfilled. Although the target considered here is thicker than that considered in the laser piston scenario in Ref. [2] , the density is lower, resulting in a similar areal density. The reflection coefficient of the laser pulse in the present simulation is low compared to the idealized piston or the light-sail-RPA scenario, and the electrons are heated more, which decreases the energy transfer to ions. In addition, due to the electron forward motion, the RR force does not strongly affect the electron dynamics, and thus ion acceleration (at intensity equal to 1.1 × 10 23 W/cm 2 ; a L = 200). At higher intensities, ∼5 × 10 23 W/cm 2 , the condition P r >P s is fulfilled, which is similar to the case of a thin foil (for example, the case of l = 0.8λ L at 1.1 × 10 23 W/cm 2 considered above). In this regime RR strongly enhances the laser piston efficiency and thus ion energy. This is observed when comparing the results with and without RR included in Fig. 7 . These features are also in good agreement with Ref. [30] , where the authors show with 3D numerical simulations that the RR force has limited effect on ion acceleration in this regime.
V. DISCUSSION
In summary, the effects of RR on the energy spectrum of accelerated ions in ultraintense laser-plasma interactions is shown to depend strongly on the target thickness (effectively areal density) and thus the underlying ion acceleration mechanism. Whereas the maximum ion energy is enhanced and a spectral peak produced in the case of relativistically transparent targets, in the hole-boring-RPA regime more than 30% of the laser energy is converted into intense synchrotron radiation, which reduces the piston velocity and thus the ion energy by a factor of 2. An expression for the piston velocity that takes into account the radiation losses is derived for the first time. RR is found to have little effect on ion acceleration in the light-sail-RPA regime.
The sensitivity of the influence of RR reaction to the ion mass is determined by comparing the results for protons and deuterons in Figs. 4(d)-4(f) . In all three regimes of target thickness explored, the ion mass influences the extent to which RR occurs, but does not change the overall physical processes discussed above. At 1.1 × 10 23 W/cm 2 the maximum ion energies obtained with a proton plasma are higher and lower than for a deuteron plasma for the l = 5λ L and l = 100λ L cases, respectively. The spectral distribution is also more peaked in the case of protons and l = 5λ L , which is a signature of a transition to a light-sail-like RPA scenario. For a thick target, it has been shown that the electrostatic field increases with the ion mass and thus enhances synchrotron generation [20] , which explains why the RR-force has a larger affect on deuterons than on protons. Nevertheless, it does significantly change the proton energy spectrum. Cryogenic target technology is being developed for the production of thin targets of pure hydrogen and deuterium. It should therefore be possible to experimentally investigate the effects explored in this paper at the multi-PW laser facilities presently under development.
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